Abstract. This paper is around the topics I discussed in the lecture I gave at the Isaac Newton Institute in Cambridge, July 2009, in the Introductory Workshop. This paper can be read as a companion to my paper [Saïdi], where detailed proofs can be found.
§0. Introduction §1. Generalities on Arithmetic Fundamental Groups and Sections §2. Grothendieck Anabelian Section Conjecture §3. Good Sections of Arithmetic Fundamental Groups §4. The Cuspidalisation of Sections of Arithmetic Fundamental groups §5. Applications to the Grothendieck Anabelian Section Conjecture §6. On a Weak Form of the p-adic Grothendieck Anabelian Section Conjecture §0. Introduction. This, mostly expository, paper is around the topic of the Grothendieck anabelian section conjecture.
This conjecture predicts that splittings, or sections, of the exact sequence of the arithmetic fundamental group 1 → π 1 (X) → π 1 (X) → G k → 1 of a proper, smooth, and hyperbolic curve X, all arise from decomposition subgroups associated to rational points of X, over a base field k which is finitely generated over the prime field Q (cf. §2).
A birational version of this conjecture predicts that splittings of the exact sequence of absolute Galois groups
where K X is the function field of the hyperbolic curve X, all arise from rational points of X in some precise way (cf. §2), under the above assumption on the base field k (cf. §2).
This conjecture is one of the main topics in anabelian geometry. It establishes a dictionary between profinite group theory, arithmetic geometry, and Diophantine geometry.
This conjecture is still widely open. Only some examples are treated in the literature.
The most complete achievement around this conjecture, is the proof by Koenigsmann, and Pop, that the birational version of this conjecture holds true over p-adic local fields (cf. §5).
The main issue in investigating the section conjecture is the following. How can one produce a rational point x ∈ X(k), from a splitting of the exact sequence of π 1 (X)?
This issue is completely settled in the case of birational sections over p-adic local fields by Koenigsmann, and Pop. In this case, one produces a rational point by resorting to a local-global principle for Brauer groups of fields of transcendence degree 1 over p-adic local fields, that was proven by Lichtenbaum, in the finitely generated case, and by Pop in general.
It is not clear for the time being, at least to the author, how to settle the above issue in the case of sections of π 1 (X).
The main idea we would like to advocate in this paper is to reduce the solution of the section conjecture to the solution of its birational version.
We introduce, and investigate, the theory of cuspidalisation of sections of arithmetic fundamental groups for this purpose (cf. §4).
The main aim of this theory is, starting from a section
of the exact sequence of π 1 (X), to construct a sectioñ
of the exact sequence of Gal(K sep X /K X ), which lifts the section s, i.e. which inserts into a commutative diagram:
where the right vertical homomorphism is the natural one.
We have a natural exact sequence
where I X is the normal subgroup of Gal(K sep X /K X ) generated by the inertia subgroups at all geometric points of X.
We exhibit the notion of (uniformly) good sections of arithmetic fundamental groups (cf. §3). Sections which arise from rational points are good sections.
Our main result on the theory of cuspidalisation is that good sections s : G k → π 1 (X) of π 1 (X) can be lifted to sections = X × kk . There exists a canonical exact sequence of profinite groups (1.1) 1 → π 1 (X,η) → π 1 (X, η)
Here, π 1 (X, η) denotes the arithmeticétale fundamental group of X with base point η, π 1 (X,η) theétale fundamental group of X with base pointη, and G k def = Gal(k/k) the absolute Galois group of k.
We will consider the following variant of the above exact sequence (1.1). Let Σ ⊆ Primes be a non-empty subset of the set Primes of all prime integers. In the case where char(k) = p > 0, we will assume that p / ∈ Σ. Write ∆ X def = π 1 (X,η)
for the maximal pro-Σ quotient of π 1 (X,η), and
for the quotient of π 1 (X, η) by the kernel of the natural surjective homomorphism π 1 (X,η) ։ π 1 (X,η) Σ , which is a normal subgroup of π 1 (X, η). Thus, we have an exact sequence of profinite groups (1.2) 1 → ∆ X → Π X pr X,Σ −−−→ G k → 1.
We shall refer to π 1 (X, η) (Σ) def = Π X as the geometrically pro-Σ quotient of π 1 (X, η), or the geometrically pro-Σ arithmetic fundamental group of X.
The exact sequence (1.2) induces a natural homomorphism
where Out(∆ X ) def = Aut(∆ X )/ Inn(∆ X ) is the group of outer automorphisms of ∆ X . For g ∈ G k , its image ρ X,Σ (g) in Out(∆ X ) is the class of the automorphism of ∆ X obtained by lifting g to an elementg ∈ Π X , and letg act on ∆ X by inner conjugation.
A profinite group G is slim if every open subgroup of G is centre-free (cf. [Mochizuki] , §0). If G is a slim profinite group, we have a natural exact sequence
where the homomorphism G → Aut G sends an element g ∈ G to the corresponding inner automorphism h → ghg −1 . Moreover, if the profinite group G is finitely generated, then the groups Aut(G), and Out(G), are naturally endowed with a profinite topology, and the above sequence is an exact sequence of profinite groups.
The following is an important property of the profinite groups ∆ X , and Π X .
Lemma 1.2. The profinite group ∆ X is slim. In particular, the exact sequence (1.2) is obtained from the following exact sequence
by pull back via the natural continuous homomorphism
More precisely, we have a commutative diagram:
where the horizontal arrows are exact, and the right square is cartesian.
Proof. Well known, see for example [Tamagawa] , Proposition 1.11.
1.3.
Similarly, if we write X × X def = X × k X, and ι : X → X × X for the natural diagonal embedding, then the geometric point η determines naturally (via ι) a geometric point, which we will also denote η, of X × X.
There exists a natural exact sequence of profinite groups
Here, π 1 (X × X, η) denotes the arithmeticétale fundamental group of X × X with base point η, which is naturally identified with the fibre product π 1 (X, η) × G k π 1 (X, η), and π 1 (X × X,η) is theétale fundamental group of X × X with base pointη (η is naturally induced by η), which is naturally identified with the product π 1 (X,η) × π 1 (X,η).
Similarly, as in 1.1, we consider the maximal pro-Σ quotient
, which is naturally identified with ∆ X ×∆ X , and the geometrically pro-Σ quotient
of π 1 (X × X, η), which is naturally identified with Π X × G k Π X . Thus, we have a natural exact sequence
1.4. Our main objects of interest are group-theoretic splittings, or sections, of the exact sequence (1.2). Let
be a continuous group-theoretic section of the natural projection
We will refer to s : G k → Π X , as above, as a section of the arithmetic fundamental group Π X .
Every inner automorphism inn g : Π X → Π X of Π X by an element g ∈ ∆ X , gives rise to a conjugate section inn g •s : G k → Π X . We will refer to the set
as the set of conjugacy classes of the section s. §2. Grothendieck Anabelian Section Conjecture. We follow the same notations as in §1.
2.1. Sections of arithmetic fundamental groups arise naturally from rational points. More precisely, Let x ∈ X(k) be a rational point. Then x determines a decomposition subgroup
which is defined only up to conjugation by the elements of ∆ X , and which maps isomorphically to G k via the projection pr : Π X ։ G k . Hence, the subgroup D x ⊂ Π X , determines a group-theoretic section
of the natural projection pr : Π X ։ G k , which is defined only up to conjugation by the elements of ∆ X . Let Sec Π X be the set of conjugacy classes of all continuous group-theoretic sections G k → Π X , of the natural projection pr : Π X ։ G k , modulo inner conjugation by the elements of ∆ X (cf. 1.4).
We have a natural set-theoretic map
where [s x ] denotes the class of a section s x : G k → Π X , associated to the rational point x, in Sec Π X .
Definition 2.2. Let s : G k → Π X be a continuous group-theoretic section of the natural projection pr : Π X ։ G k . We say that the section s is point-theoretic, or geometric, if the class [s] of s in Sec Π X belongs to the image of the map ϕ X,Σ .
The following is the main Grothendieck anabelian conjecture regarding sections of arithmetic fundamental groups. This conjecture establishes a dictionary between purely group-theoretic sections of arithmetic fundamental groups, and rational points of hyperbolic curves over finitely generated fields, in characteristic 0.
Grothendieck Anabelian Section Conjecture (GASC). (cf. [Grothendieck] ) Assume that k is finitely generated over the prime field Q, and Σ = Primes. Then the map ϕ X def = ϕ X,Σ : X(k) → Sec Π X is bijective. In particular, every grouptheoretic section of Π X is point-theoretic in this case.
The injectivity of the map ϕ X is well-known (cf. for example [Mochizuki1] , Theorem 19.1).
So the statement of the GASC is equivalent to the surjectivity of the set-theoretic map ϕ X , i.e. that every group-theoretic section of Π X is point-theoretic, under the above assumptions.
Note that a similar conjecture can be formulated over any field, and for any non-empty set Σ of prime integers, but one can not expect its validity in general.
For example, the analog of this conjecture doesn't hold over finite fields (even if Σ = Primes).
Indeed, over a finite field the natural projection Π X ։ G k admits group-theoretic sections, or splittings, since the profinite group G k is free in this case. On the other hand, there are proper, smooth, geometrically connected, and hyperbolic curves over finite fields with no rational points. 6 2.3. Assume that k is a number field, i.e. k is a finite extension of the field of rational numbers Q. Let v be a place of k, and denote by k v the completion of k at v. Write
Let D v ⊂ G k be a decomposition group at v (D v is only defined up to conjugation), which is naturally isomorphic to the absolute Galois group G k v of k v .
By pulling back the exact sequence
by the natural injective homomorphism D v ֒→ G k , we obtain the exact sequence
Note that there exists an isomorphism ∆ X ∼ → ∆ X v . In particular, a group-theoretic section s : G k → Π X of the arithmetic fundamental group Π X , induces naturally a group-theoretic section
Moreover, if the section s is point-theoretic, then the section s v is point-theoretic, for each place v of k, as is easily seen.
It seems quite natural to formulate an analog of the GASC over p-adic local fields.
A p-adic Version of Grothendieck Anabelian Section Conjecture (p-adic GASC). Assume that k is a p-adic local field, i.e. k is a finite extension of the field Q p , for some prime integer p, and Σ = Primes. Then the map
The map ϕ X is known to be injective in the case where k is a p-adic local field, and p ∈ Σ (cf. [Mochizuki1] , Theorem 19.1). Thus, the statement of the p-adic GASC is equivalent to the surjectivity of the map ϕ X in this case.
2.4.
Next, we recall the definition of a system of neighbourhoods of a grouptheoretic section of the arithmetic fundamental group Π X .
The profinite group ∆ X being topologically finitely generated, there exists a sequence of characteristic open subgroups
In particular, given a group-theoretic section s :
(where s(G k ) denotes the image of G k in Π X via the section s) of Π X , whose intersection coincide with s(G k ), and which correspond to a tower of finiteétale (not necessarily Galois) covers
We will refer to the set {X i [s]} i≥1 as a system of neighbourhoods of the section s.
Note that for each positive integer i, the open subgroup Π X [i, s] of Π X is naturally identified with the geometrically pro-Σ arithmeticétale fundamental group
is naturally induced by the geometric point η of X), and sits naturally in the following exact sequence
which inserts in the following commutative diagram:
where the two left vertical homomorphisms are the natural inclusions. In particular, by the very definition of Π X [i, s], the section s restricts naturally to a group-theoretic section
of the natural projection Π X [i, s] ։ G k , which fits into the following commutative diagram:
where the right vertical homomorphism is the natural inclusion. Thus, a section s : 
In investigating the point-theorecity of the section s (cf. Definition 2.2), it is important to observe not only the section s, but rather the family of sections {s i } i≥1 .
In fact, a number of important properties of the section s can be proven, using a limit argument, by observing the family of sections {s i } i≥1 , rather than only the section s.
The best illustration of this phenomenon is the following crucial observation, which is extremely important in investigating the Grothendieck anabelian section conjecture, and which is du to Tamagawa. 
4). Then the section s is point-theoretic if and only if
Proof. See [Tamagawa] , Proposition 2.8, (iv).
The above Lemma 2.5 reduces the proof of the Grothendieck anabelian section conjecture, in the case where k is finitely generated over the prime field Q, or that k is a p-adic local field, and Σ = Primes, to proving the following implication
Thus, at the heart of the Grothendieck anabelian section conjecture, is the following fundamental problem.
Problem. How can one produce, under the assumptions of GASC, or the p-adic GASC, a rational point x ∈ X(k) starting from a group-theoretic section s :
No systematic approach has yet been developed so far to attack this problem. The only situation where a method, or a technique, is available to solve this problem positively is the method, developed by Koenigsmann, and Pop, in the framework of the birational version of the p-adic GASC (cf. [Koenigsmann] , and [Pop] ), and which resorts to a local-global principle for Brauer groups of fields of transcendence degree 1 over p-adic local fields (see the discussion after Theorem 5.2).
Remarks 2.6.
(i) One of the difficulties in investigating the GASC is that, for the time being, one doesn't know how to construct sections of arithmetic fundamental groups, and hence test the validity of the conjecture on concrete examples.
In fact, the GASC itself can be viewed as a "rigidity" statement. Namely, the only way one knows (so far) to construct sections of arithmetic fundamental groups of hyperbolic curves, over finitely generated fields of characteristic 0, is via decomposition groups associated to rational points, and these should be the only sections that exist ! One way, however, to construct such sections is as follows. Let X be a proper, smooth, geometrically connected, hyperbolic algebraic curve over the field k, and Σ ⊆ Primes a non-empty set of prime integers.
Consider the exact sequence
where Π X is the geometrically pro-Σ arithmetic fundamental group of X. Recall the commutative cartesian diagram:
(1.4)
In order to construct a continuous group-theoretic section s : G k → Π X of the natural projection pr : Π X ։ G k , it is equivalent to construct a continuous homomorphismρ X,Σ : G k → Aut(∆ X ), which lifts the homomorphism ρ X,Σ : G k → Out(∆ X ) above, i.e. such that the following diagram commutes
as follows directly from the fact that the right square in the diagram (1.4) is cartesian.
(ii) In light of the Remark (i), it is possible to construct sections s :
Under this condition one may hope to construct non geometric sections s, i.e. sections which do not arise from rational points. This is the method used in [Hoshi] to construct non geometric sections in the case where k is a number field, or a p-adic local field, and Σ = {p}.
However, this method is unlikely to produce examples of non-geometric sections in the case where Σ = Primes. Indeed, in this case the homomorphism ρ X,Σ :
is injective if X is hyperbolic, and k is a number field, or a p-adic local field, as is well-known.
2.7.
One can formulate a birational version of the Grothendieck anabelian section conjecture as follows (see also [Pop] ).
There exists a natural exact sequence of absolute Galois groups
Let Σ ⊆ Primes be a non-empty set of prime integers, and
be the maximal geometrically pro-Σ Galois group of the function field K X . Thus, G X sits naturally in the following exact sequence
Let x ∈ X(k) be a rational point. Then x determines a decomposition subgroup D x ⊂ G X , which is only defined up to conjugation by the elements of G X , and which maps onto G k via the natural projection G X ։ G k .
More precisely, D x sits naturally in the following exact sequence
where M X ∼ →Ẑ(1) Σ (cf. 3.1, for the definition of the module of roots of unity M X ). The above sequence is known to be split. The set of all possible splittings, i.e. sections G k → D x of the above exact sequence, is a torsor under H 1 (G k , M X ). The later can be naturally identified, via Kummer theory, with the Σ-adic completion
The Birational Grothendieck Anabelian Section Conjecture (BGASC). Assume that k is finitely generated over the prime field Q, and Σ = Primes. Let s :
In particular, the existence of the section s implies that X(k) = ∅.
One can, in a similar way, formulate a p-adic version of this conjecture.
A p-adic Version of The Birational Grothendieck Anabelian Section Conjecture (p-adic BGASC). Assume that k is a p-adic local field, i.e. k is a finite extension of Q p , and Σ = Primes. Let s :
In particular, the existence of the section s implies that X(k) = ∅. §3. Good Sections of Arithmetic Fundamental Groups. We use the same notations as in §1, and §2.
We will introduce the notion of (uniformly) good sections of arithmetic fundamental groups. Point-theoretic sections of arithmetic fundamental groups (cf. Definition 2.2) are (uniformly) good sections.
3.1. Next, we recall the definition of the arithmetic Chern class associated to a group-theoretic section s of the arithmetic fundamental group Π X (cf. [Saïdi] , 1.2, and [Esnault-Wittenberg] , for more details).
In what follows all scheme cohomology groups areétale cohomology groups. First, letẐ Σ be the maximal pro-Σ quotient ofẐ, and
Note that M X is a freeẐ Σ -module of rank one, and has a natural structure of G k -module, which is isomorphic to the G k -moduleẐ (1) Σ , where the "(1)" denotes a Tate twist, i.e. G k acts onẐ (1) Σ via the Σ-part of the cyclotomic character. We will refer to M X as the module of roots of unity attached to X, relative to the set of primes Σ.
be theétale Chern class, which is associated to the diagonal embedding ι : X → X × k X, or alternatively the first Chern class of the line bundle O X×X (ι(X)).
There exists a natural identification (cf. [Mochizuki] , Proposition 1.1)
The Chern class η diag X corresponds via the above identification to an extension class η
We shall refer to the extension class η diag X as the extension class of the diagonal. Let s : G k → Π X be a group-theoretic section of the natural projection Π X ։ G k . Let
be a group extension, whose class in H 2 (Π X×X , M X ) coincides with the extension class η diag X of the diagonal. By pulling back the group extension (3.1) by the continuous injective homomorphism (s, id) :
we obtain a natural commutative diagram: 
We will refer to the class [D s ] of the extension D s in H 2 (Π X , M X ) as the extension class associated to the section s.
Definition 3.2 (The (Σ)-Étale Chern Class associated to a Section). We define the (Σ)-étale Chern class c(s) ∈ H 2 (X, M X ) associated to the section s as the element of H 2 (X, M X ) corresponding to the above extension class [D s ], which is associated to the section s, via the natural identification
be a system of neighbourhoods of the section s, and {Π X [i, s]} i≥1 the corresponding open subgroups of Π X (cf. 2.4). Recall that the section s restricts naturally to a group-theoretic section
where the right vertical homomorphism is the natural inclusion, for each positive integer i (cf. loc. cit).
One can easily observe the following Lemma (See [Saïdi] , Lemma 1.3.1, for more details).
Lemma 3.3. For each positive integer i, the image of the Chern class c(s
Definition 3.4 (The pro-(Σ)-Étale Chern Class associated to a Section).
where the transition homomorphisms are the corestriction homomorphisms. We define the pro-(Σ)-étale Chern class associated to the section s, relative to the system of neigh-
Lemma 3.3).
3.5. Next, we will introduce the notion of (uniformly) good sections of arithmetic fundamental groups.
For each positive Σ-integer n, meaning that n is an integer which is divisible only by primes in Σ, the Kummer exact sequence inétale topology
induces naturally, for each positive integer i, an exact sequence of abelian groups
which for positive integers m and n, with n divides m, fits naturally into a commutative diagram:
where the lower and upper horizontal sequences are the above exact sequence (3.2), and the vertical homomorphisms are the natural homomorphisms. Here, Pic
is the BrauerGrothendieck cohomological group, and for a positive integer n: n Br ⊆ Br is the subgroup of Br which is annihilated by n.
By taking projective limits, the above diagram induces naturally, for each positive integer i, the following exact sequence
We will denote by
the Σ-adic completion of the Picard group Pic(X i [s]), and
13 the Σ-Tate module of the Brauer group Br(X i [s]). Thus, we have a natural exact sequence
In what follows we will identify Pic(
, M X ) (cf. the above exact sequence (3.3)), and refer to it as the Picard part of
be a group-theoretic section of Π X as above. For each positive integer i, let
be the induced group-theoretic section of Π X [i, s]. By pulling back cohomology classes via the section s i , and bearing in mind the natural identifications
[Mochizuki], Proposition 1.1), we obtain a natural (restriction) homomorphism
Finally, observe that if k ′ is a finite extension of k, and
we have a natural commutative diagram:
where the right, and middle, vertical arrows are the natural inclusions, and the far right square is cartesian. In particular, the section s k
Definition 3.6 (Good and Uniformly Good Sections of Arithmetic Fundamental Groups). We say that the section s is a good group-theoretic section, relative to the system of neighbourhoods {X i [s]} i≥1 , if the above homomorphisms s
∧,Σ ⊆ Ker s i ⋆ , for each positive integer i. We say that the section s is uniformly good, relative to the system of neighbour- It is easy to see that the above definition is independent of the given system of neighbourhoods {X i [s]} i≥1 of the section s. We will refer to a section satisfying the conditions in Definition 3.6 as good, or uniformly good, without necessarily specifying a system of neighbourhoods of the section.
The notion of uniformly good sections is motivated by the fact that a necessary condition for a group-theoretic section s : G k → Π X to be point-theoretic, i.e. arises from a k-rational point x ∈ X(k) (cf. Definition 2.2), is that the section s is uniformly good in the sense of Definition 3.6 (cf. [Saïdi] , Proposition 1.5.2).
14 Remarks 3.7.
(i) If k is a p-adic local field, the conditions of goodness and uniform goodness for the section s are equivalent.
Moreover, if p ∈ Σ, the section s is good in this case if and only if X(k tame ) = ∅, where k tame is the maximal tame extension of k (cf. [Saïdi] , Proposition 1.6.6, and Proposition 1.6.8).
(ii) If k is a number field, one has a local-global principle for (uniform) goodness. Namely, the section s is good in this case if and only if the section s v is good, for each place v of k (cf. loc. cit., Proposition 1.8.1).
Remark 3.8. Another necessary condition for the section s to be point-theoretic, is that the image of the pro-Chern classĉ(s)
via the natural homomorphism
In other words, if the section s is point-theoretic, then the associated proChern classĉ(s) (cf. Definition 3.4) lies in the Picard part lim
Indeed, Assume that the section s is point-theoretic, meaning that s def = s x : G k → Π X arises from a k-rational point x ∈ X(k) (cf. Definition 2.2). Then there exists a compatible system of rational points {x i ∈ X i [s](k)} i≥1 , i.e. x i+1 maps to
For every positive integer i, let O(x i ) ∈ Pic(X i [s]) be the degree 1 line bundle associated to x i .
The Chern class c(
, which is associated to the section s i (cf. Definition 3.2), coincides with theétale Chern class c(x i ) ∈ H 2 (X i [s], M X ) associated to the line bundle O(x i ) (cf. [Mochizuki] , Proposition 1.6, and Proposition 1.8 (iii)). Thus, the pro-Chern classĉ(s) is a Picard element. More precisely, it is the "pro-Picard element" induced by the (O(x i )) i≥1 .
If the above condition is satisfied one says that the Chern class of the section s is algebraic, or that the section s is well-behaved (cf. [Saïdi] , Proposition 1.5.1).
One can easily prove that if the section s is well-behaved, then the section s is good in the sense of Definition 3.6 (cf. [Saïdi] , Proposition 1.5.2). §4. The Cuspidalisation of Sections of Arithmetic Fundamental Groups.
In this section we introduce the problem of cuspidalisation of group-theoretic sections of arithmetic fundamental groups.
We follow the notations in §1.
In particular, Σ ⊆ Primes is a non-empty set of prime integers, and we have the natural exact sequence
where Π X is the geometrically pro-Σ arithmetic fundamental group of X.
4.1.
In this sub-section we recall the definition of (geometrically) cuspidally central, and cuspidally abelian, arithmetic fundamental groups of affine hyperbolic curves, and the definition of cupidally abelian absolute Galois groups of function fields of curves.
4.1.1. Let U ⊆ X be a non-empty open subscheme of X. The geometric point η of X determines naturally a geometric point η of U , and a geometric pointη of
for the maximal pro-Σ quotient of the fundamental group π 1 (U ,η) of U with base point η, and
for the quotient of the arithmetic fundamental group π 1 (U, η) by the kernel of the natural surjective homomorphism π 1 (U ,η) ։ π 1 (U ,η) Σ , which is a normal subgroup of π 1 (U, η).
Thus, we have a natural exact sequence
which fits into the following commutative diagram:
where the left, and middle, vertical homomorphisms are surjective, and are naturally induced by the natural surjective homomorphisms π 1 (U ,η) ։ π 1 (X,η), and
We shall refer to I U as the cuspidal subgroup of Π U (cf. [Mochizuki] , Definition 1.5). It is the normal subgroup of Π U generated by the (pro-Σ) inertia subgroups at the geometric points of S def = X \ U . We have the following natural exact sequence
Let I ab U be the maximal abelian quotient of I U . By pushing out the exact sequence (4.1) by the natural surjective homomorphism I U ։ I ab U , we obtain a natural commutative diagram:
We will refer to the quotient Π c − ab U of Π U as the maximal cuspidally abelian quotient of Π U , with respect to the natural homomorphism Π U ։ Π X (cf. [Mochizuki] , Definition 1.5).
Similarly, we can define the maximal cuspidally abelian quotient ∆ c − ab U of ∆ U , with respect to the natural homomorphism ∆ U ։ ∆ X , which sits in a natural exact sequence
Write I cn U for the maximal quotient of I ab U on which the action of ∆ X , which is naturally deduced from the exact sequence (4.2), is trivial. By pushing out the sequence (4.2) by the natural surjective homomorphism I ab U ։ I cn U , we obtain a natural exact sequence
which sits naturally in the following exact sequence
We shall refer to the quotient Π c − cn U of Π U as the maximal (geometrically) cuspidally central quotient of Π U , with respect to the natural homomorphism Π U ։ Π X (cf. loc. cit.).
We have a natural commutative diagram of exact sequences:
Similarly, we have a natural exact sequence of absolute Galois groups
where
be the maximal pro-Σ quotient of Gk .K X , and
which insert into the following commutative diagram of exact sequences: Let
We will refer to I X as the cuspidal subgroup of G X . It is the normal subgroup of G X generated by the (pro-Σ) inertia subgroups at all geometric closed points of X. We have the following natural exact sequence
Let I ab X be the maximal abelian quotient of I X . By pushing out the above sequence by the natural surjective homomorphism I ։ I ab , we obtain a natural exact sequence
We will refer to the quotient G 
4.2.
Next, we consider a continuous group-theoretic section s : G k → Π X of the natural projection pr X : Π X ։ G k .
Definition 4.3 (Lifting of Group-Theoretic Sections)
. Let U ⊆ X be a non-empty open subscheme. We say that a continuous group-theoretic section
More generally, we say that a group-theoretic sections :
is a lifting of the section s, ifs fits into a commutative diagram:
In connection with the Grothendieck anabelian section conjecture, it is natural to consider the following problem.
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The Cuspidalisation Problem for sections of Arithmetic Fundamental Groups. Given a group-theoretic section s : G k → Π X as above, and a non-empty open subscheme U ⊆ X, is it possible to construct a lifting s U :
Similarly, given a group-theoretic section s : G k → Π X as above, is it possible to construct a liftings :
Remarks 4.4. (i) One can easily verify that if the section s is point-theoretic, then the section s can be lifted to a section s U : G k → Π U of the natural projection Π U ։ G k , for every open subscheme U ⊆ X, and can also be lifted to a sections :
(ii) Note that a positive solution to the cuspidalisation problem, in the case where k is finitely generated over Q (resp. p-adic local field), and Σ = Primes, plus a positive solution to the BGASC (resp. p-adic BGASC), gives a positive solution to the GASC (resp. p-adic GASC), as follows easily from Lemma 2.5.
Our main result concerning the cuspidalisation problem is the following, which shows that good sections of arithmetic fundamental groups behave well with respect to this problem.
Before stating our result, we recall some definitions.
Definition 4.5. (i) We say that the field k is slim if its absolute Galois group G k is slim in the sense of [Mochizuki] , §0, meaning that every open subgroup of G k is centre free. Examples of slim fields include number fields, and p-adic local fields (cf. [Mochizuki2] , Theorem 1.1.1). One defines in a similar way the notion of a slim profinite group G, meaning that every open subgroup of G is centre free.
(ii) We say that the field k is Σ-regular, if for every prime integer l ∈ Σ, and every finite extension k ′ /k, the l-part of the cyclotomic character χ l : G k ′ → Z × l is not trivial; or equivalently, if for every prime integer l ∈ Σ the image of the l-part of the cyclotomic character χ l :
Examples of Σ-regular fields (for every non-empty set Σ of prime integers) include number fields, p-adic local fields, and finite fields.
The field k is Σ-regular if and only if, for every finite extension k ′ /k, the G k ′ -module M X has no non trivial fixed elements.
The following is our main result on the cuspidalisation problem (cf. [Saïdi] , Theorem 2.6). 
Moreover, one can construct for every non-empty open subscheme
As a corollary of the above result one obtains the following. 
Next, we would like to explain the basic idea behind the proof of Theorem 4.6. See loc. cit. for more details. Assume that the field k is slim, Σ-regular, and the section s : G k → Π X is uniformly good (in the sense of Definition 3.6).
Let U def = X \ S be a non-empty open subscheme of X, and Π c − cn U the maximal (geometrically) cuspidally central quotient of Π U , with respect to the natural homomorphism Π U ։ Π X .
One would like to show, in a first step, that there exists a section s
։ G k which lifts the section s, i.e. which inserts into the following commutative diagram:
First, one treats the case where the set S = {x i } n i=1 ⊆ X(k) consists of finitely many k-rational points. We will assume, without loss of generality, that S = {x} consists of a single rational point x ∈ X(k).
The maximal (geometrically) cuspidally central quotient Π c − cn U x of Π U x , with respect to the natural projection Π U x ։ Π X , sits naturally in the following exact sequence
By pulling back the group extension (4.6) by the section s : G k → Π X , we obtain a group extension
which inserts naturally in the following commutative diagram:
where the right square is cartesian. The class in H 2 (Π X , M X ) of the group extension (4.6) coincides, via the natu-
, with theétale Chern class c(x) ∈ H 2 (Π X , M X ) associated to the degree 1 line bundle O(x) (cf. [Mochizuki3] , lemma 4.2). The class in H 2 (G k , M X ) of the group extension (4.7) coincides then with the image s ⋆ (c(x)) of the Chern class c(x) via the (restriction) homomorphism
, which is naturally induced by s. This image equals 0, since the section s is assumed to be good. This follows from the very definition of goodness (cf. Definition 3.6). Thus, the group extension (4.7) admits group-theoretic splittings. A splitting of the group extension (4.7) determines a section s
, which lifts the section s. The case where the set S consists of finitely many, not necessarily rational, points is treated in a similar way by using a descent argument, which resorts to the slimness of k, and the fact that k is Σ-regular.
In general, and in order to lift the section s to a section s
For a finiteétale Galois cover X ′ → X, with Galois group Gal(X ′ /X), let
the maximal (geometrically) cuspidally central quotient of Π U ′ , with respect to the natural surjective homomorphism Π U ′ ։ Π X ′ , which is slim.
Denote by Π c − cn U ′ ⋊ out Gal(X ′ /X) the profinite group which is obtained by pulling back the exact sequence
by the natural homomorphism:
Thus, we have a natural exact sequence:
which inserts into the following commutative diagram:
Then we have a natural isomorphism:
where the projective limit is taken over all finiteétale Galois cover X ′ → X (cf. [Saïdi] , Proposition 2.5). §5. Applications to the Grothendieck Anabelian Section Conjecture.
In this section we state our main applications of the results concerning the cuspidalisation problem for sections of arithmetic fundamental groups, in §4, to the Grothendieck anabelian section conjecture.
As we already mentioned (cf. Remarks 4.4, (ii)), a positive answer to the cuspidalisation problem, in the case where k is finitely generated over Q (resp. p-adic local field), and Σ = Primes, plus a positive answer to the BGASC (resp. p-adic BGASC), implies a positive answer to the GASC (resp. p-adic GASC).
The following result of Koenigsmann concerning the p-adic BGASC is fundamental (cf. [Koenigsmann] ).
Theorem 5.1 (Koenigsmann) . The p-adic BGASC holds true. More precisely, assume that k is a p-adic local field, and Σ = Primes. Let s : G k → G X be a group-theoretic section of the natural projection
This result has been strengthened by Pop, who proved the following (see [Pop] ). For a profinite group H, and a prime integer p, we denote by H ′′ the maximal Z/pZmetabelian quotient of H. Thus, H ′′ is the second quotient of the Z/pZ-derived series of H. 22
Theorem 5.2. (Pop) . Assume that k is a p-adic local field, which contains a primitive p-th root of 1, and assume p ∈ Σ. Let s : 
An example of a set S satisfying the assumptions of Theorem 5.6 is the set of algebraic points, in the case where X is defined over a number field A proof of Theorem 5.6, was communicated orally to the author by A. Tamagawa. The proof relies on the idea of cuspidalisation, and consists in showing that the section s can be lifted to a sections : G k → G X of the natural projection G X ։ G k , where G X is the geometrically pro-Σ absolute Galois group of K X . One then reduces the proof to the p-adic version of the BGASC that was proven by Pop.
The proof uses the fact that the Galois group G k of k is topologically finitely generated, and consists in showing that given a (not necessarily geometrically connected) ramified Galois cover Y → X with Galois group G, one can "approximate" it by a Galois cover Y ′ → X with Galois group G, which is ramified only above points which are contained in S. The later relies on an approximation argument,à la Artin, on Hurwitz spaces of covers.
5.7.
In sections of geometrically abelian absolute Galois groups of function fields of curves over number fields were investigated.
It is shown in loc. cit. that the existence of such sections implies (in fact is equivalent to) the existence of degree 1 divisors on the curve, under a finiteness condition of the Tate-Shafarevich group of the jacobian of the curve.
As an application of our results on the cuspidalisation of sections of arithmetic fundamental groups, we can prove an analogous result for good sections of arithmetic fundamental groups.
Our main result concerning the Grothendieck anabelian section conjecture over number fields is the following.
Theorem 5.8. Assume that k is a number field, and Σ = Primes. Let s : G k → Π X be a group-theoretic section of the natural projection Π X ։ G k . Assume that s is a uniformly good section in the sense of definition 3.6, and that the jacobian variety of X has a finite Tate-Shafarevich group. Then there exists a divisor of degree 1 on X.
Proof. Follows formally from Corollary 4.7, and Theorem 2.1 in . §6. On a Weak Form of the p-adic Grothendieck Anabelian section Conjecture.
In this section we discuss a weak form of the p-adic GASC. We will use the following notations.
Let p > 0 be a fixed prime integer. Let k be a p-adic local field, i.e. k is a finite extension of Q p , O k its ring of integers, and F its residue field.
Let X be a proper, smooth, geometrically connected, and hyperbolic curve over k.
For a non-empty set of prime integers Σ ⊆ Primes, write Π X for the geometrically pro-Σ fundamental group of X, which sits in the exact sequence
where ∆ X is the maximal pro-Σ quotient of the fundamental group of X def = X × kk (cf. 1.1).
Recall the natural map (cf. 2.1)
6.1. Assume that the hyperbolic k-curve X has good reduction over O k , i.e. X extends to a smooth, proper, and relative curve X over O k , and p / ∈ Σ. Let X s def = X × O k F be the special fibre of X . Let ξ be a geometric point of X s above the generic point of X s . Then ξ determines naturally an algebraic closure F of F , and a geometric pointξ of X s def = X s × F F . There exists a natural exact sequence of profinite groups
Here π 1 (X s , ξ) denotes the arithmeticétale fundamental group of X s with base point ξ, π 1 (X s ,ξ) theétale fundamental group of X s def = X s × F F with base point ξ, and G F def = Gal(F /F ) the absolute Galois group of F . Write
for the maximal pro-Σ quotient of π 1 (X,ξ), and
for the quotient of π 1 (X s , ξ) by the kernel of the natural surjective homomorphism π 1 (X s ,ξ) ։ π 1 (X ,ξ) Σ , which is a normal subgroup of π 1 (X , ξ)). Thus, we have an exact sequence of profinite groups
Moreover, after a suitable choice of the base points ξ, and η, there exists a natural commutative specialisation diagram:
where the left vertical homomorphism Sp : ∆ X → ∆ X s is an isomorphism (since we assumed p / ∈ Σ), and the right vertical homomorphism is the natural projection G k ։ G F , as follows easily from the specialisation theory for fundamental groups of Grothendieck (cf. [SGA1] ).
In fact, In the above commutative diagram (6.2), the right square is cartesian, as follows easily from the slimness of ∆ X , and the well-known criterion for good reduction of curves (cf. [Saïdi] , Lemma 4.2.2). 26
6.2. Let k X , and k Y , be two p-adic local fields, i.e. both k X , and k Y , are finite extensions of Q p Let X (resp. Y ) be a proper, smooth, geometrically connected, and hyperbolic curve over k X (resp. k Y ).
Let Σ ⊆ Primes be a non-empty set of prime integers, and Π X (resp. Π Y ) the geometrically pro-Σ arithmetic fundamental group of X (resp. Y ), which sits in the exact sequence 1
be an isomorphism between profinite groups.
Lemma 6.3. The isomorphism σ fits into a commutative diagram:
where the horizontal maps are isomorphisms, which are naturally induced by σ.
In particular, the isomorphism σ induces naturally a bijection
Moreover, the natural isomorphism Definition 6.4. We say that the isomorphism σ is point-theoretic, if the im-
. In other words σ is point-theoretic if it induces naturally a bijection
It is natural, in the framework of the p-adic GASC, to consider the following question.
Question 6.5 (A Weak Form of the Grothendieck Anabelian Section Conjecture over p-adic Local Fields). Let k X , and k Y , be two p-adic local fields. Let X (resp. Y ) be a proper, smooth, geometrically connected, and hyperbolic curve over k X (resp. k Y ).
Assume that Σ = Primes. Let Π X (resp. Π Y ) be the geometrically pro-Σ fundamental group of X (resp. Y ), which sits in the exact sequence 1
be an isomorphism between profinite groups. Is σ point-theoretic, in the sense of Definition 6.4?
Note that the validity of the p-adic GASC implies a positive answer to Question 6.5.
Although the pro-Σ version of the Grothendieck anabelian section conjecture may not hold over p-adic local fields, in the case where p / ∈ Σ (cf. [Saïdi] , Proposition 4.2.1), one may ask weather the following weak form of the pro-Σ Grothendieck anabelian section conjecture still holds, if p / ∈ Σ.
Question 6.6. Let k X , and k Y , be two p-adic local fields. Let X (resp. Y ) be a proper, smooth, geometrically connected, and hyperbolic curve over k X (resp. k Y ). Let Σ ⊂ Primes be a non-empty set of prime integers, with p / ∈ Σ. Let Π X (resp. Π Y ) be the geometrically pro-Σ fundamental group of X (resp. Y ). Let
be an isomorphism between profinite groups. Is σ point-theoretic? Remarks 6.7. A positive answer to Question 6.6 will imply an absolute version of the Grothendieck anabelian conjecture for smooth, proper, and hyperbolic curves over p-adic local fields (cf. [Mochizuki5] , Corollary 2.9).
In connection with Question 6.6, we can prove the following. Proof. First, X has good reduction over k X if and only if Y has good reduction over k Y , as follows easily form the well-known criterion for good reduction, and the last assertion in Lemma 6.3.
Assume that X (resp. Y ) extends to a proper and smooth relative curve X over the valuation ring O k X of k X (resp. Y over the valuation ring O k Y of k Y ). Let X s (resp. Y s ) be the special fiber of X (resp. Y).
Recall the commutative diagrams (6. where F X (resp. F Y ) is the residue field of k X (resp. k Y ). Let s = s x : G k X → Π X be a group-theoretic section of the natural projection Π X ։ G k X , which is point-theoretic, i.e. arises from a rational point x ∈ X(k X ).
Then s induces naturally a group-theoretic section s ′ : G k Y → Π Y of the natural projection Π Y ։ G k Y , such that the following diagram is commutative:
where the upper arrow is the natural isomorphism which is induced by σ. We will show that s ′ is point-theoretic.
The natural map Sp X •s x : G k X → Π X s factorises as G k X ։ G F Xs − → Π X s , wherē s : G F X → Π X s is a group-theoretic section of the natural projection Π X s ։ G F X .
The sections is point-theoretic since s is, and corresponds to a decomposition subgroup associated to the pointx ∈ X s (F X ), which is the specialisation of the rational point x ∈ X(k X ). The sections ′ is naturally induced by the sections via the natural isomorphism Π X k ∼ → Π Y k . In particular, the sections ′ is point-theoretic, sinces is pointtheoretic, as follows from the arguments of Tamagawa for characterising decomposition groups of rational points over finite fields (see for example [Saïdi-Tamagawa] , §1), hence Y s,i (F Y ) = ∅.
